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A methodology is developed for finding a window of operating conditions within 
which one should be able to produce a product having a specified set of quality charac- 
teristics. The only information assumed to be available is that contained within histori- 
cal data on the process obtained during the production of a range of existing product 
grades. Multivariate statistical methods are used to build and to invert either linear or 
nonlinear empirical latent variable models of the existing plant operations to obtain a 
window of operating conditions that are capable of yielding the desired product and that 
are still consistent with past operating procedures and constraints. The methods and 
concepts are illustrated using a simulated high-pressure tubular reactor process for pro- 
ducing low-density polyethylene. 

Introduction 
Processes can often be operated over a range of conditions 

to produce various grades of a product (such as a polymer). 
Each grade has a set of quality specifications such as melt 
flow index, tensile strength and so on. Often, one wants to 
find process operating conditions needed to achieve a new 
product grade having a modified set of product quality prop- 
erties. An example is shown in Figure 1 where the product 
quality is characterized by number and weight average molec- 
ular weight (MWn and MWw). Points 1 to 9 (0) represent 
average qualities of nine different grades of polymer, which 
have been produced in the past. Operating strategies are 
therefore known for these grades. On the other hand, points 
10 to 15 (*) mark new polymer grades which would be desir- 
able to achieve, but where the corresponding operating con- 
ditions are still unknown. If one has a good theoretical model 
of the process, then an appropriate optimization algorithm 
can be used to find those conditions within the system con- 
straints that yield the desired product. If such a model is not 
available, then designed experiments can be run on the pro- 
cess and response surface methods used to move the process 
to the desired conditions. However, even before one per- 
forms experiments, there exists information that is available 
within the historical process data obtained from past opera- 
tions over the range of the existing product grades. 

This article looks at multivariate statistical approaches to 
analyzing historical plant data and estimating process operat- 
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ing conditions, which should yield a product with the desired 
properties. Very little has been published on this topic. One 
of the few publications is that of Moteki and Arai (1986). 
They used a combination of multivariate statistical methods 
(PCA) and theoretical models to analyze historical operating 
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Figure 1. Quality data on 9 grades produced in the past 
(0) and 6 new desired grades ( * ). 
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data on an LDPE process, and inferred conditions that led to 
new film and injection molding grades of polyethylene. They 
even claimed to be able to take a competitor’s product, which 
their plant had not produced before, by finding the operating 
Conditions for their process that lead to the same quality. 
Unfortunately, they give few details on their approach. 

The objective of this article is to examine an approach to 
extract the necessary information from past data, and to 
specify a feasible target region within which the plant operat- 
ing conditions should lie in order to produce the desired 
quality. Since they are being derived through a data-based 
approach, any new conditions are limited by the range and 
structure of the historical data. It is possible that there exists 
a set of operating conditions which are very different from 
any conditions applied in the past and which would lead to 
the desired quality. However, such conditions cannot be found 
by this empirical approach as it can only return conditions 
having the same range and structure as past conditions. 

The problem outlined above addresses both continuous and 
batch processes. For continuous processes, the historical 
database is assumed to contain data taken at steady-state op- 
erating points corresponding to different product grades. For 
batch processes, the historical database will contain recipes 
(that is, amounts of each ingredient charged to the reactor 
initially), as well as feedrate profiles for various ingredients 
(if semi-batch operation is used), and operating profiles on 
process variables such as temperature and agitator speed 
throughout the batch histories. In this article we present a 
simulation example for a continuous process. We assume that 
data is available for: (a) the values of the quality variables of 
the produced grades (such as molecular weights, melt flow 
index, and so on); (b) the operating conditions for those 
grades. The latter are typically characterized by the values of 
the manipulated variables of the process. 

Industrial processes are often operated over a large range 
of conditions to produce the full scope of products. Figure 2 
shows the range of linear low-density polyethylene (LLDPE) 
products in the market. The behavior over this entire range 
of products is typically nonlinear. However, here we will be 
mostly concerned only with using the existing data on multi- 
ple grades of a single product type to find operating condi- 
tions for a new grade within that same product family. For 
example, we may be interested in producing a new film grade 
of LLDPE using data only from within the existing film grade 
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Figure 2. Linear low density polyethylene (LLDPE) 
products. 

region of Figure 2. Figure 1 serves as an example for such 
data. The corresponding process behavior may be approxi- 
mately linear over this region. Therefore, the essential con- 
cepts and methodology are first developed using linear mod- 
els and the relatively straightforward extension to nonlinear 
models is considered later. 

Given a set of historical data on various product grades 
consisting of measured product quality ( Y ) ,  and the corre- 
sponding process conditions (XI, a model can be built to 
characterize the behavior of the process data (X) and the 
relationship between X and Y. 

The problem at hand is then to find new process condi- 
tions xFrred for a desired product quality yTe,. Thus, we have 
to use some form of model inverse to predict a set of manipu- 
lated variables xlew from a specified set of quality variables. 
A major problem with this approach is the fact that we have 
typically more manipulatable variables than independent 
quality variables. Most commonly, one will therefore have to 
predict a larger number of manipulated variables from a 
smaller number of quality variables. This results in an under- 
determined equation system, which has an infinite number of 
solutions xLew. However, not all of these solutions are ac- 
ceptable. We must constrain the solution to be physically fea- 
sible and consistent with the sets of process conditions from 
the past, thereby ensuring that the new conditions xircd can 
be implemented. 

The following sections outline a methodology which aims 
at finding at least a region of process conditions that are 
physically feasible, and consistent with past operating strate- 
gies, and that are expected to yield the desired product quali- 
ties. Latent variable modeling methods (such as principal 
components regression (PCR) and partial least squares (PLS)) 
provide models for both the X-space (process variables) and 
the Y-space (quality and productivity variables). Simultane- 
ously modeling both spaces is shown to be essential in this 
model inversion problem. The standard regression model 
which models the Y-space only through regression methods 
such as ordinary least squares (OLS) is shown to be inade- 
quate for this problem. Also, contrasted with these ap- 
proaches is a method based on estimating missing data using 
conditional expectations. 

The methodology is illustrated by a simulated example of a 
high-pressure tubular low density polyethylene (LDPE) reac- 
tor. 

Methodology 
In the following sections all the manipulated and quality 

variables are first mean-centered and scaled, and then ar- 
ranged as the columns in an X and Y-matrix, respectively. In 
general we assume that there are more manipulated variables 
than quality variables, and, hence, that X has more columns 
than Y. Both matrices have the same number of rows as each 
row corresponds to one particular grade. 

Selection of quality variables 
In specifying settings for the quality variables for a new 

grade yLsr one first has to make sure that the production of 
this new grade is possible within the existing process. Al- 
though there may be several variables available to describe 
the quality of a grade, they are often not independent from 
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each other and are usually highly correlated. Specifying inde- 
pendent values for number average and weight average 
molecular weights, viscosity, and so on will very likely result 
in a product that is physically not feasible to produce within 
the existing process, even if each single variable has a reason- 
able value. In other words, it is not possible to design just any 
combination of quality properties. The correlation structure 
among the quality variables from the existing data has to be 
respected. To ensure this, one can build a principal compo- 
nent model (Wold et al., 1987; Jackson, 1991) using the en- 
tire set of quality data. The principal component score vec- 
tors (columns of T )  in this model form a set of orthogonal 
vectors, which fully describe the structure of the historical 
grade qualities. The number of significant principal compo- 
nents will indicate the number of independent quality vari- 
ables that can be specified. T can be interpreted as a trans- 
formation of ull quality variables into a smaller set of inde- 
pendent variables. It is therefore reasonable to use the T- 
score matrix as “quality matrix”Y in the design problem. (The 
set of physical quality variables ( Y )  could simply be replaced 
by the latent variables ( T )  in the methodology that is devel- 
oped in this article without any further changes.) However, 
people are usually more comfortable working with “real” 
physical variables rather than latent variables. To select the 
most complimentary subset of physical quality variables that 
best capture the information in the “independent variable 
subspace,” the selective PCA method (Roffel et al., 1989; 
Kettaneh-Wold et al., 1994) can be applied. These physical 
variables could then be used in the quality matrix Y. 

With either approach, one still has to make sure that the 
new set of quality specifications (ydT,,) is physically feasible, 
and obeys a covariance structure similar to the one present in 
the qualities from the past. This requires: (a) a small squared 
prediction error (SPE) for the new point; (b) score values 
that lie within a 95% or 99% control ellipse of the PCA model 
(Kourti and MacGregor, 1996). A useful consequence result- 
ing from the described selection of quality variables is the 
fact that the Y-matrix will be in general well conditioned. The 
benefits of this will be seen later in the model inversion. 

Standard regression model and its generalized inverse 
Under some suitable transformation of the Ys and X s ,  the 

relationship between the product quality (Y) and the operat- 
ing conditions ( X )  can often be reasonably well approxi- 
mated by the linear model 

where the rows in X and Y correspond to manipulated and 
quality variables in mean centered and autoscaled form. 

The simplest and probably best known way to estimate p 
in the linear empirical model (Eq. l t i s  ordinary least squares 
(OLS). The regression parameters p,, are obtained by 

j = (X’. , y - ’  .X’. y. 

The first difficulty with OLS arises when X is ill-condi- 
tioned. This often occurs with plant operating data, because 
many of the manipulated variables are moved together in a 

correlated manner. The inversion of ( X T - X )  can then be a 
problem, and OLS will give estimates of /3 that have ex- 
tremely large variances [Var( cOLs) = ( X T - X ) - l - ~ ] .  To help 
overcome this, one can use regularized least-squares solu- 
tions such as ridge regression (Draper and Smith, 19811, which 
give biased solutions and are much better conditioned. If the 
number of variables in X ( m )  is greater than the number of 
grades in the historical data (n), then an OLS solution does 
not exist. 

Assuming the model (Eq. 1) and parameter estimates j, 
new process conditions xzew have to be predicted from the 
desired quality specifications ydT,,such that 

If k 2 m, xnreW can be estimated by OLS or a regularized 
regression method such as ridge regression. However, in gen- 
eral, there exist more process coFditions than quality vari- 
ables ( m  > k) .  In this case, since p is not square and m > k,  
solving Eq. 2 for xieew is an underdetermined equation system 
which has an infinite number of solutions. Therefore, a com- 
monly used estimate iiew is the least-squares solution of Eq. 
2 which has the minimum 2-norm 

.;bW = yies.( jq-’ .j‘ ( 3 )  

( j ’.p)-’-fi‘ is the generalized inverse or pseudo-inverse of a. The solution (Eq. 3) ensures that PZewhas the following 
properties 

However, there are some serious problems with the use of 
this standard regression model (Eq. l), and its inversion (Eq. 
3). Since this model (Eq. 1) does not contain any information 
about the covariance structure within X, the relationships 
among the manipulated variables that were present during 
the production of previous grades are ignored. As a conse- 
quence, the solution given by Eq. 3 will not respect those 
previous structural relationships when solving for the new 
conditions xiew. Therefore, this formulation based on the 
standard regression model (Eq. 1) cannot guarantee consis- 
tency of the new conditions with past operating procedures. 
This problem is illustrated in the example. 

Latent variable models and their generalized inverses 
Multivariate statistical projection techniques work with data 

matrices by extracting the main underlying orthogonal direc- 
tions of variation in correlated data. They summarize the in- 
formation within the large number of physical variables in a 
usually much smaller number A of independent latent vari- 
ables (Geladi and Kowalski, 1986). Principal components 
analysis (PCA), for example, transforms the (n X m )  data ma- 
trix X containing m highly correlated manipulated variables 
into an (n x A )  matrix T containing only A independent la- 
tent variables, which are linear combinations of the original 
manipulated variables. The weights for these linear combina- 
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tions are stored in a matrix V,, which serves to transform T 
into X and vice versa 

where E is the error or residual matrix, and V, is an (rn X A )  
matrix with orthonormal columns, where A I rn. PCA can 
also be interpreted in terms of the singular value decomposi- 
tion of X where only the A dominant singular directions are 
retained: 

tions from k quality variables. Consequently, we can distin- 
guish between three cases in Eq. 9. 

(1) k > A :  The model inversion corresponds to a projec- 
tion from a high dimensional ( k )  space to a lower dimen- 
sional ( A )  space. It can be performed as a simple least- 
squares projection. 

u, has orthonormal columns and z, is a diagonal matrix (2) k = A :  In this case an exact inversion from one k-  or 
with the ath element being the ath largest singular value of 
X .  By comparison with Eq. 4, the score matrix T can be ex- 

A-dimensional basis to the other is Possible. 

pressed as ire, = yda, . n - - z A - 

T = U,. C,. qew = lqew. Z A  .v,' 
= YdT,3.n-1-~' In effect, the columns of U, are the normalized score vec- 

tors. 
Both OLS and PCR are linear regression methods. In OLS 

the columns of Y are regressed onto the columns of X .  In 
PCR the columns of Y are regressed onto the columns of the 
latent variables (scores) of X (T  in Eq. 4), that is 

Equations 6 and 8 provide a model for the covariance struc- 
ture of X .  While the A columns of U, are orthogonal and of 
unit length, the entries in Z A  and the rows in V,' contain the 
features of the variance and correlation structure present in 
X .  In the product design problem being treated in this work, 
it would be desirable to impose this same covariance struc- 
ture onto the conditions x,',, for the new product. This would 
make these new operating conditions consistent with the past 

( 3 )  k < A :  This is the most common situation. Although 
the number of variables to be predicted has been reduced 
from rn to A ,  still a projection from a lower ( k )  to a higher 
( A )  dimensional hyperplane is required. This is obviously the 
worst of the three cases. It occurs when the effective rank of 
the X-matrix ( A )  is larger than the number of independent 
Y-variables ( k ) ,  that is, when there are variations in some 
directions of the process operating space ( X I  which have lit- 
tle influence on the particular set of quality variables under 
consideration (Y ). 

For cases (1) and (2), there exists a unique solution of min- 
imum squared error. In the third underdetermined case, 
however, the set of solutions is infinite. 

In analogy to Eq. 3 we use the pseudo-inverse for this case 
(3) to invert Eq. 9. 

ones. Thus, the new conditions should conform with the 
model (Eq. 8) as 

where 
X,T,, = u7;ew. C, * VA'. 

The new process conditions can now be calculated as 

Accordingly, it is the A elements of uf;ew that have to be 
estimated. This can be done using Eq. 7 = (YT' u, . u,'. Y )  - Y T '  u, . u;.x. 

ydes T = unew T * 2.4 ' ' . (9) Note that the matrix being inverted in Eq. 13 is well-condi- 
( 1 X k )  ( 1 X A )  ( A X , )  ( A X k )  tioned since it depends solely on Y and U,. The columns in Y 

are chosen as an independent set of the quality variables, and 
This equation has the same structure as Eq. 2. However, while the columns of ua are orthogonal by definition. 
in Eq. 2 one has to find m elements for xnTeW, here one only Equation 11 reflects the way in which PCR and its inverse 
has to find A < m elements for uTew, that is, the equation impose the covariance structure of the past operating condi- 
system has been reduced in dimension. The problem is rede- tions onto the new conditions in',w: brew, which is obtained 
fined to estimate A latent variables for the process condi- from Eq. 10 and is multiplied by X A  and V,' which contain 

1108 May 1998 Vol. 44, No. 5 AIChE Journal 



the variance and correlation structure of the original data X. 
The new therefore, follows the same covariance struc- 
ture as the past operating conditions. There is no equivalence 
to this in the approach based on the standard regression 
model (Eq. 1). since unlike the latent variable methods (PCR, 
PLS) in the standard regression model (Eq. 11, no model for 
X is proposed. (The only model is for the correlation struc- 
ture between X and Y.) 

Equation 12 shows that .^ieW is a linear combination of the 
rows of MFCR which itself is a linear combination of the A 
rows in V:. While the past operating conditions (rows in X )  
fall in the space spanned by the A rows of GT, the ize, 
obtained from Eq. 12 fall only into the k-dimensional space 
(which in fact is a subspace of VAT) defined by the rows of 
MFCR. In other words, Eq. 12 constructs only thatpart of the 
new operating conditions which corresponds to the projec- 
tion of the past process conditions X onto the M T  space. 
This is the part of the new operating conditions which, ac- 
cording to the model, affects the product quality. However, 
there are features in the process space X which do not affect 
this particular set of quality characteristics yieS and which 
are not accounted for in We will denote this space by 
xfl1. These x;f,ll may still be important operating features 
which should be respected in any new operating conditions 
xired. They lie within the A-dimensional bT-space that de- 
fines past prosess operations (XI, but outside the subspace 
of M T ,  and they do not affect Y. 

This suggests that any feature lying in the space of xfl1 
can be added to ib,, where xfll lies in the space which is 
orthogonal to M and spans the remaining ( A  - k) dimen- 
sions of the A-dimensional X-space. Adding this component 
should not alter the relationship between xired = + xzUI1 
and y;,. In other words, xfll lies in the remaining (A - k) 
dimensions of La‘ that are not spanned by MT.  Since this 
component x~ul l  has no effect on Y, there is some degree of 
freedom with respect to its magnitude and direction within 
that (A - k)-dimensional space. The only limitation is the 
constraint on x&, to be statistically consistent with past op- 
erating conditions. By choosing a whole range of different 
x:ulI within the 2cr-range of X in that additional space, it is 

possible to look at a “window”of process conditions xired = 

.̂ Tew + xfl1 that would, in principle, yield the same y ies .  Us- 
ing some process knowledge, the most promising set of new 
process conditions xired can be selected. In this way, when 
k < A ,  one can only present a window of possible solutions 
by inverting the model from y L s .  

Figure 3 serves as an example to illustrate this graphically. 
The X-matrix in this example contains three manipulated 
variables which are shown as coordinates. However, the X- 
data fall only into a two-dimensional (2-D) space indicated by 
the gray plane. This plane represents the main underlying 
directions in X. The actual area the data fall into is deter- 
mined by their covariance structure and may be approxi- 
mated by an ellipse in that plane. The lengths of the ellipse 
axes are proportional to the singular values in 2,. In this 
figure, the Y-matrix is assumed to consist of a single quality 
variable only, and thus k = 1. Accordingly, the corresponding 
M-space is 1-D as well, and, as a subspace of the X-space, it 
defines a line in the plane. This line is the locus of all 2fW- 
predictions obtained from different y L s .  Additional compo- 
nents xfll can be added to iTeW such that the whole 2-D 
X-space is spanned. Resulting xired = iTew + xzu,l for one y L s  
are shown as white dots on a second line in Figure 3. Any 
point on this second line (x~uIl-line) corresponds to process 
conditions that are constructed such that their correlation 
structure is consistent with the historical X-data and result 
in the desired y;.. To ensure that we restrict ourselves to 
xFred that also lie within the rung of past operating proce- 
dures, different xTred along the line can be transformed into 
the score space: trred = xFred*VA, and then checked where in 
the T-space trred lies compared to the t: of the past condi- 
tions. If t;red does not fall within the cluster of past tT-s, it 
should not be included in the set of conditions since it repre- 
sents an extrapolation beyond the historical data region. 

For A - k > 1, the approach will give regions of possible 
operation; the process conditions Xired from those regions 
should all yield the specified properties yTes. It is from points 
in this region that the experienced process operators and en- 
gineers will have to select one which they deem most suitable 
to implement in the plant. 

J 
x1 

L I 

Figure 3. Spaces for fLew and xi”,, when m = 3, A = 2 and k = 1. 
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Other multivariate latent variable methods 
Apart from PCR, there exists a whole range of other multi- 

variate statistical modeling techniques which theoretically 
could be used and inverted for this problem. Common to all 
of them is the representation of data matrices by latent vari- 
ables that summarize certain types of variation. PCR focuses 
on the high variance directions in X, canonical correlation 
regression (CCR) focuses only on the high correlation direc- 
tions between X and Y, reduced rank regression (RRR) fo- 
cuses on high variance directions in Y, and projection to la- 
tent structures (PLS) lies somewhere in between by simulta- 
neously explaining variation in X, as well as the correlation 
with Y. Burnham et al. (1996) discuss the objective function 
frameworks behind all these methods. 

For the problem at hand which tries to construct a x,aU 
from a given yzes, the key is to have a model for the structure 
of the data in X, as well as for the relationship between X 
and Y. PLS and PCR are therefore preferred over methods 
like OLS, CCR and RRR, which provide no model for X .  

In most cases PCR and PLS have been found to give simi- 
lar results. In general, of course, the method giving a smaller 
number of latent variables is preferable in order to keep ( A  
- k )  as small as possible. ( ( A  - k )  is the number of direc- 
tions in X, which are not captured by the M-space and in 
which xiu,, has freedom to move.) In this sense there may be 
cases where a PLS model is beneficial compared to a PCR 
model or vice versa, depending on which method uses fewer 
components to explain the greatest amount of both X and Y. 

The methodology for the inversion of PLS models is identi- 
cal to that for PCR described earlier. The PLS model and its 
inverse are given in the section on a common framework. In 
the extension to nonlinear systems (discussed later in this ar- 
ticle), a nonlinear PLS formulation is used. 

and the conditional expectation for xTcw given the values of 
y L s  is (Johnson and Wichern, 1988; Nelson et al., 1996) 

This expression is equivalent to an inverse regression where 
X is regressed onto the columns of Y rather than vice versa. 
We can see that conceptually this expression is similar to the 
one for 2Te, from PCR-inversion (see Eq. 12). The only dif- 
ference is that in PCR Y and X are replaced by their projec- 
tions onto U,. 

Equation 14 shows that again ,tTew can fall only into a k-  
dimensional subspace of the space spanned by the past oper- 
ating conditions X .  However, in contrast to the PCR and PLS 
model inversions of the previous sections, we again do not 
have a model for the structure in X from this approach. It is 
therefore not possible to find that ( A  - k)-dimensional hy- 
perplane for .&,, in the X-space within which alternative 
choices of xired will have the same predicted quality yTes. 

Common Framework 
For the methods described above the new operating condi- 

tions xircd consist of two parts: 

where 

Conditional expectation approach 
Although this approach looks at the problem from a quite 

different angle, it nevertheless leads to results that are com- 
parable to and supporting of those obtained in the previous 
sections. 

Past operating conditions X and the corresponding prod- 
uct qualities Y are combined into a single matrix, and are 
looked at as samples from a multivariate normal distribution. 
The unknown operating conditions xiew that would corre- 
spond to the newly specified quality yzes are interpreted as 
missing data within a new row added to the existing XIY 
data matrix, c.f. 

and an additional component xTUlI which complements xLew, 
and which is derived solely from information contained within 
X and does not affect Y .  

I(- and I; are different for each method, but they can al- 
ways be interpreted as a projection of X and Y onto some 
space. Table 1 gives the d and Y for each method. The simi- 
larity of PCR and PLS is obvious in the expressions: In both 
cases X and Yare projected onto an (n X A )  matrix (U, and 
U,) yith orthonormal columns which span the column space 
of X. In PCR these columns stem from the singular value 
decomposition in X, in PLS they are derived from eigenvalue 
decompositions on the residual covariance matrices in both 
spaces (Hoskuldsson, 1988). 

The missing values xzew are calculated as the conditional 
expectations given the values for the “observed” variables 
y lcs .  (In our problem this converts to: Given the quality val- 
ues yTe,, what is the conditional expectation for xieew based 
on the mean and the covariance matrix of the combined data 
set [XlY]?) For mean centered X and Y ,  the covariance ma- 
trix can be written as 

Example: Simulated LDPE Polymerization Process 
This section illustrates these concepts using as a process a 

fundamental simulation model of a high-pressure tubular re- 
actor system for the production of low density polyethylene 
(Kiparissides et al., 1993; MacGregor et al.. 1994). 

The simulated system consists of two jacketed reactor zones 
with feed of ethylene, solvent and initiator both to the first 
zone and between the first and second zones. 
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Table 1. Common Framework for the Methods: x&w = yIees* MLethod 

u:. x Similar to PCR. 

M L  ( ~ - ~ . ~ . X - * . U T . Y ) - ~ . Y ~ . U . I : - ~ . ~ ~ . X  C - ' - U T * Y  X - ' - U T - X  Does not maintain the covariance 
- - (  j'.j)-'.j' structure of X .  No since 

no model for X .  

M&"d ( Y T .  Y ) - ' . Y T * X  Y X Inverse regression. No x ~ ~ , ,  since 
no model for X .  

The five measured quality and productivity variables are: 
conversion (Conv), number average molecular weight (MWn), 
weight average molecular weight (MWw), long chain branch- 
ing (LCB), and short chain branching (SCB). 

Six manipulated variables are available: inlet temperature 
of the feed (Tin), pressure in the reactor (PI, initiator feed 
rate to both zones (Fil, Fi2), solvent flow to both zones as % 
of ethylene (Csl, Cs2). 

More details on this process and its simulation can be found 
in Kiparissides et al. (1993) and MacGregor et al. (1994). 

Generation of data 
Although six manipulated variables are available, they are 

not set independently. Except for some added random error, 
Fi2 and Cs2 (initiator flow rate and solvent concentration in 
the feed to zone 2) are kept at the same levels as their coun- 
terparts in the feed to zone 1. This leaves only four variables 
to be moved. Their settings have been chosen such that they 
are varied in a correlated manner, and the resulting X-matrix 
has only three (two major and one minor) independent un- 
derlying directions. 15 points representing different grades of 
LDPE have been simulated in this way. Out of these 15 
grades, 9 have been chosen to represent the average process 
conditions and quality of previously produced grades. These 
9 points (1-9 in Figure 1) form the historical database for the 
multivariate statistical model. The quality values of the re- 
maining 6 grades serve as quality specifications that one may 
want to produce. Hence, we pretend not to know the settings 
for the manipulated variables of these 6 points. 

Case studies 
The method of data generation described above ensures 

that the new quality specifications are (a) physically feasible 
and (b) consistent with grades produced in the past. We start 
by finding out  how many and which quality variables we 
should include in the Y matrix. PCA on the matrix containing 
all five quality variables shows that after the first three prin- 
cipal components 99% of the overall variation is explained. 
Consequently, we are looking for the three most significant 
quality and productivity variables. Selective PCA (Roffel et 
al., 1989) determines these as MWw, MWn, and Conv in this 
order. These three variables account for 96% of the variation 
in all five variables. MWn and MWw alone account for 
76.25% of the total variation. 

In the following studies, X consists of the values for the six 
manipulated variables for the nine grades that have been 
produced in the past. Two different Y-matrices are consid- 
ered: Y3 = [Conv MWn MWw] and Y2 = [MWn MWw] for 
each of the nine grades. 

Table 2 shows how much variation is explained by PCR in 
two models: X and Y3, and X and Y2. In both cases, the 
number of principal components in the PCR-model is chosen 
as A = 3 .  

The use of the standard 
regression model and OLS is problematic even in this small 
example since we have to invert an ill conditioned X T - X .  
However? OLS was performed using MATLAB to obtain val- 
ues for p.  The variances of these OLS estimates were very 
large. 

In PCR on the other hand, we encounter here the special 
case where the number of Y-variables equals the number of 
principal components in the model (k = A ) .  For the inver- 
sion of Eq. 9 this means that we can directly invert B and 
calculate ?,',, = yTeeS- B -  - VT. Since for k = A the M-space 
spans all the main directions in X ,  there are no orthogonal 
directions x,',,,. We therefore come up with one unique set 
of manipulated variables for each desired new grade. 

The resulting process conditions from PCR and OLS inver- 
sion were applied to the full nonlinear simulated process and 
the corresponding quality values obtained. The results are 
shown in Figures 4, 5, and 6. The points denoted by a ( * ) are 
the desired qualities, (0) denotes the qualities achieved from 
OLS-inversion, and (x) the qualities achieved from PCR-in- 
version. If one compares the estimates of the quality (MWn, 
MWw) and productivity (Conv) variables obtained from the 
OLS- and PCR-inversion, apart from one exception (grade 
13) PCR achieves products much closer to the desired ones 
than OLS. Whereas Figures 4 and 5 show the three mea- 
sured responses (Conv, MWn and MWw) that are included in 
Y, Figure 6 displays the two quality variables which are not 
present in Y (LCB and SCB), but nevertheless very important 

Case I: Y3 = (Conu MWn MWw]. 

Table 2. Percentage of Variation Explained by PCR in 
X and Y 

No. of Principal 
Components 1 2 3  4 5 6 
X 63.70 96.36 99.45 99.94 100 100 
Case 1: Y3 23.51 68.07 94.05 96.22 97.58 99.10 
Case 2: Y2 29.03 95.35 97.04 98.51 98.74 99.36 
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Figure 4. PCR and OLS results for number and weight 
average molecular weight, when Y = [Conv 
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quality characteristics for the product. We see that the proc- 
ess conditions obtained from the PCR latent variable model 
yielded values for the LCB and SCB properties that were 
much closer to the actual (but unknown) values in the de- 
sired product, than did the conditions obtained from invert- 
ing the OLS model. This is one of the benefits of construct- 
ing process conditions that are consistent with past operating 
strategies. Other unmeasured quality variables will maintain 
their same historical relationship with those that are mea- 
sured. 

Remark: In this case, LCB and SCB are not specified in 
the Y-matrix, so realistically there are no desired values for 
them. However, we did simulate grades 10-15 in a way consis- 
tent with the grades 1-9 which are used for the model build- 
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Figure 5. PCR and OLS results for conversion and 

weight-average molecular weight, when Y = 
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Figure 6. PCR and OLS results for long and short chain 
branching, when Y = [Conv MWn MWw]. 

ing, and, therefore, we have values for LCB and SCB for 
these grades. 

As discussed earlier, a PCA 
analysis on all five quality variables indicated there are three 
underlying directions among these variables which account 
for the total variation within them. Thus, ideally, one would 
want to specify three independent quality variables. How- 
ever, in many processes only a few correlated properties are 
actually measured on a product, and these may be insuffi- 
cient to span the entire quality space of a product. In this 
example, by specifying MWn and MWw only two out of the 
three directions are being set, and about 24% of the total 
quality variation is not accounted for. 

For the PCR-inversion, this case provides a different situa- 
tion from case 1: the number of Y-variables ( k  = 2) is less 
than the number of independent directions in X ( A  = 3). 
Consequently, the resulting conditions will lie only in a 
2-D subspace of X .  The additional direction, which is com- 
plementing the M space (see Figure 31, must be calculated. 
Projecting the X-data onto this direction gives an estimate of 
the amount of variation in X that exists along that direction. 
Five different vectors x ~ , l l  (within 2u of the rows of X along 
this direction) were added to each if,. This gives a set of 
five suggestions x;red = ifw + x ~ , , ~ ~  for each new grade. From 
the five suggestions for each grade a subset was selected such 
that their tFred = xprrred V, lay within the cluster of tT-s from 
the past grades. For example, for grade 11 only two of the 
five suggestions had appropriate t-values and were imple- 
mented. 

In Figure 7 two of the resulting manipulated variables (Csl 
and P, inlet solvent concentration to zone 1 and inlet pres- 
sure) are plotted vs. each other for the various sets of condi- 
tions. The points corresponding to the same grade lie on a 
line, and the lines for all the grades are parallel to each other. 
This is not surprising since it reflects the fact that the addi- 
tional component xzul, is free only to move along ( A  - k = 1) 
directions in this case. The lines in Figure 7 are the projec- 
tion of this direction onto the Csl-P-plane. 

Again, the new process conditions were implemented using 
the detailed fundamental simulation process, and the result- 

Case 2: Y2 = [Mwn Mww] .  
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ing qualities plotted in Figures 8 and 9. In general, the grades 
obtained by implementing the new process conditions come 
close to the desired ones as in case 1. Looking at these PCR- 
results in Figures 8 and 9, we see another interesting but 
expected feature: While measured qualities (MWn and MWw) 
resulting from different x & ~  suggestions for one grade (Fig- 
ure 8) are almost the same, the resulting unmeasured quali- 
ties (LCB and SCB in Figure 9)  display much more variation. 
(For each grade, the resulting unmeasured qualities are con- 
nected by dashed lines in Figure 9.) This can be explained by 
the random component x ~ u l I  in xired. It was shown that ac- 
cording to the model this component does not affect the 
measured qualities Y (MWn and MWw), however, in this 
process it does affect the unmeasured qualities (LCB and 
SCB). 

The conditional expectation approach was also applied to 
this problem. The results are shown in Figure 10 together 
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Figure 8. PCR results for number and weight-average 
molecular weight, when Y = [MWn MWwl. 
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ing, when Y = [MWn MWwl. 

with the PCR results given previously in Figure 8. One can 
see that the results of this approach are very close to those 
obtained by the PCR model inversion. However, this condi- 
tional expectation approach gives only a single point for each 
specified product, when in fact there is a whole line of equiv- 
alent process conditions as given by PCR. Results obtained 
using a PLS latent variable model were almost identical to 
those shown for PCR and are not displayed here. Inversion 
of the standard regression model (Eq. 1) fitted by OLS again 
gives very poor results in this case. One of the problems with 
this OLS approach is illustrated in Figure 11. This figure 
shows the values for the two initiator flow rates (Fil and Fi2) 
to the two zones as they have been designed by OLS-inver- 
sion (0) and by PCR-inversion (x) for the different grades. 
The way the process has been run in the past, the two rates 
are nearly identical at all times. However, since the OLS re- 
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Figure 10. Conditional expectation and PCR results 
when Y = [MWn MWw]. 
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gression model (Eq. 1) does not provide a model for the X -  
space, it cannot and does not respect the existing correlation 
between the two rates, whereas it can be seen that the results 
from PCR-inversion continue to obey the correlation struc- 
ture of the past data. 

Since the conditions obtained from the OLS regression 
model inversion are well outside those ever experienced in 
the historical database, one could not expect them to pro- 
duce the desired product, and, indeed, the product qualities 
obtained by implementing those conditions are very far from 
those specified. 

Therefore, in this article we employ only quadratic nonlinear 
PLS, although the method is easily extendable to any nonlin- 
ear structure. 

Nonlinear PLS and inuersion 
The most common approach to nonlinear PLS (NPLS) 

modeling (Wold et al., 1989; Wold, 1992) represents X and Y 
as linear latent variable spaces 

and introduces a nonlinear inner relationship between the 
latent variables z ,  of the Y space and t ,  of the X space such 
as the quadratic relationship 

where t o  and z, are the score vectors for the ath dimension, 
and c , ~  are scalar coefficients. The algorithm and more de- 
tails on the NPLS model can be found in Wold et al. (1989). 

The requirements for the design of new product quality 
specifications are the same as in the linear case: For a de- 
sired new grade y L 5 ,  we want to obtain new process condi- 
tions xZeW such that the established nonlinear model still 
holds. Since consistency with past operating strategies is re- 
quired, the new process conditions must again maintain the 
same covariance structure as the data from the past. 

We express the PLS model for the X-space as 

where U, has orthonormal columns, and cA and P r  contain 
the variance and correlation information of the past data X. 
We therefore postulate for the new process conditions 

Extension to Nonlinear Systems 
In some situations process nonlinearities may be impor- 

tant. Examples might include products whose grades cover a 
wide range of product properties. Another situation is where 

combined. For example, in Figure 2 one might have to com- 
bine data from the two groups of injection molding grades 
and the rotational molding grades in order to design condi- 
tions for a new injection molding grade lying between the two 
existing groups. However, since the number of grades avail- 

nonlinear models for this inversion problem. Some of these 

data on grades from several product groups may have to be iZew = CT;,,. c, ' P T  

and 

fTe, = C:e,. 8,. 

able is often small there are also dangers in using empirical 
- - [C"ew,.fll L w ? - u 2  ... fi",,,*%] 

will be discussed following the extension of the methodology 
to nonlinear processes, and their illustration using the LDPE 
example. 

As should be obvious now from the previous treatment of 
linear systems, the essential elements of any model (linear or 
nonlinear) for this model inversion problem, is that it pro- 

between the X and Y spaces. For nonlinear modeling ap- 
proaches, this rules out most standard nonlinear regression 

This enforcement of consistency, that is, of maintaining the 
historical covariance structure, reduces the problem from es- 
timating m correlated process variables .xi ( j  = 1,. . . , m )  to 
the estimation of A independent latent variables Cnewo ( a  = 1, 
. . . , A),  where A < m .  The problem that remains is to find 
these latent values finewe such that the resulting product qual- 

vides a for the 'pace as as the ity is the desired yLs.  However, yLs has to fit the mode] as 
that is 

(16) 
and neural network type of models. One of the fewkxisting 
nonlinear approaches that accomplish this dual feat are non- 
linear PLS latent variable models although nonlinear PCR 
type models could also be proposer' Because of the few data 
points available, complex nonlinear models may lead to sig- 

y i e C  = iiew-Q7, 
where for each a in 2 T e ~  

nificant overfitting and have poor inversion properties. 2"W,, = C"" + C,,,  * b"ew" .% + C 2 ,  * G L , ,  'g:. (17) 
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In order to combine Eqs. 16 and 17, we first rewrite the vec- 
tor Eq. 16 in terms of single elements y,des 

A 

where qla is the (j,a)-th element of Q. 
y,drr can now be expressed as 

f o r j = l ,  ..., k .  (18) 

This finally states our problem: We have to solve a set of k 
Eqs. 18 to obtain A values finewo. They can then be substi- 
tuted into equation Eq. 15 

to give process conditions that are: (1) designed to give the 
desired product properties y L S ;  ( 2 )  consistent with past oper- 
ating strategies. 

For one new grade, y ieS  (Eq. 18) is a set of k quadratic 
equations in A unknowns finewe. Depending on the number 
( k )  of equations and ( A )  of variables, a solution can be found 
using different numerical techniques. In the case of a square 
system ( A  = k ) ,  we can apply the Multivariate Newton’s 
Method to find roots of the system. An overdetermined sys- 
tem where A < k is not very likely in this type of problem. It 
would imply that there is significant variation in the product 
quality ( Y )  that cannot be explained by the process variables 
present in X either because X does not contain all the vari- 
ables that affect Y or because the noise ratio in Y is very 
high. Either case would make it fairly impossible to “design” 
the desired quality yzss by estimating the proper values for 
the process variables in X .  However, a mathematical solution 
for this overdetermined system can be found, for example, by 
using a least-squares technique to find the A unknowns mini- 
mizing the error sum of squares in Eqs. 18. 

As before, the most common case is one where the process 
variables vary in more independent directions than the num- 
ber of quality variables specified in Y A > k .  Such an under- 
determined nonlinear equation system can again have an infi- 
nite number of solutions which, according to the model, will 
all result in the desired yIes. 

Solving Eq. 18 is an optimization problem and many algo- 
rithms are available to find solutions. One possible way is to 
minimize 

using different starting values, where 

k r  

Table 3. Percentage of Variation Explained by NPLS in 
X and Y 

Comuonents 1 2 3 4  5 6 
No. of Principal 

~ 

X 55.73 96.28 99.44 99.93 100 100 
Case 1: Y3 35.93 70.65 95.80 96.73 98.63 99.00 

An underdetermined system ( A  > k )  can be accommodated 
by fixing a grid of values for A - k unknowns fin,,o, and solv- 
ing through optimization for the remaining k fine,,a. Connect- 
ing the solutions defines a curve or surface of possible solu- 
tions. Only those solutions for ufw that fall within the region 
of u7 values from the historical grades will be retained for 
investigation. Thus, for A 2 k one will obtain a window of 
possible operating conditions all of which are predicted to 
yield yIes. 

Case study on LDPE-polymerization 
This study deals with the exact same process and data sets 

as described in the example above. 
Case 1: Y3 = [Conu MWn MWw]. A nonlinear PLS model 

with a quadratic inner relation was calculated for the 9 his- 
torical grades. Results are shown in Table 3. Comparison to 
the linear PLS model (not displayed) shows that the two 
models explain about the same amount of variation in each 
dimension. Furthermore, the loading vectors of both models 
are very similar which suggests that the individual latent vari- 
ables describe the same type of variation in both models. 
Consequently, the NPLS model will use 3 latent variables as 
well. Compared to the linear PCR model (see Table Z), NPLS 
explains the same amount of variation in X and a little bit 
more in Y. In Table 4 the coefficients for the first three inner 
relations of the NPLS model suggest mostly linear behavior 
for the first 2 dimensions. Only the third dimension has a 
significant square term. We may conclude that the data show 
only slightly nonlinear behavior, and that a linear model is 
perhaps adequate. However, the nonlinear approach using the 
NPLS model introduced above, is carried out for illustrative 
purposes. 

In order to obtain process conditions for six new grades 
(see example above) the 3 X 3 nonlinear equation system was 
inverted using a least-squares algorithm to minimize f T - f  ac- 
cording to Eq. 19. No multiple solutions were found. For each 
of the six new desired grades, the resulting estimated process 
conditions were implemented on the fundamental simulation 
and the corresponding product qualities obtained. Plots on 
the desired and achieved product qualities can be seen in 
Figures 12 and 13. In terms of the two molecular weight 
properties MWn and MWw (Figure 121, NPLS achieves qual- 
ities that are closer to the desired values in all but one case 

Table 4. Inner Relationships for the First 3 Principal 
Components (Case 1) 

Principal 
Component 

No. 
Quadratic 

Inner Relationship 
1 i,= -0.25+0.56.t, +0.09*lt 
2 2, = -0.16+0.66*t2 +0.07-t; 
3 2, = -0.12+2.12-t3 +0.71.t: 

AIChE Journal May 1998 Vol. 44, No. 5 1115 



lo5 
2.1 

2 
9% 

1.9- 

1.8- 

3 
31.7- I 

1.6- 

x13 
m 14 

012 315 
m12 015 

X15 X14 

OW 1 

x i  I 

014 
x12 

(grade 10). However, NPLS does not perform as well with 
respect to conversion (Figure 13), where PCR-grades are 
closer to the desired values in most cases. 

To obtain a better feel for the overall closeness to the de- 
sired results for all 6 grades, Table 5 shows the Mahalanobis 
distances between desired yLS and actually achieved grade 
quality Y l h  

1.4- 

where [Cov(Y)]-’ is the inverse of the covariance matrix of 
the historical Y-data. Except for grades 11 and 14, PCR-in- 
version shows better results than NPLS-inversion. Therefore, 
we conclude that although the nonlinear model may provide 
a slightly better fit for the historical data set than the linear 
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Figure 13. NPLS and PCR results for number average 
molecular weight and conversion when Y = 

[Conv MWn MWw]. 

Table 5. Mahalanobis Distances to Desired Grades Based 
on the Specified Y Variables (Case 1): 

Inversion Gr. 10 Gr. 11 Gr. 12 Gr. 13 Gr. 14 Gr. 15 

(yTe* -y,Te,)* tCov(Y)l-’*(y,a, -y,T,JT 

PCR 0.096 0.149 0.086 0.277 0.162 0.061 
NPLS 0.199 0.144 0.151 0.414 0.024 0.094 

Table 6. Percentage of Variation Explained by NPLS in 
X and Y 

No. of Principal 
Components 1 2 3 4 5 6 

X 46.49 96.35 99.44 99.93 100 100 
Case 2: Y2 58.93 97.53 99.29 99.63 99.84 99.95 

PCR model, this does not necessarily lead to better inversion 
results, as we can see in this example. 

In this case only two of the 
previous 3 quality variables are assumed to be available for 
inclusion in Y :  Y2 = [MWn MWw]. Table 6 shows the amount 
of variation explained in the resulting NPLS-model. With re- 
spect to the corresponding linear PCR-model (refer to Table 
2), a slight improvement can be observed for the amount of Y 
explained by the NPLS model. 

The coefficients for the inner relationships of the 3 domi- 
nant principal components can be seen in Table 7. The first 
dimension shows a slight curvature between the latent vec- 
tors t ,  and i,, as illustrated in Figure 14. 

For this case of only k = 2 Y variables, we have 2 nonlin- 
ear equations but A = 3 latent variables Cnewa. Defining a grid 
from - 1 to 1 (stepwidth 0.1) for ri,,,,, at each grid point the 
resulting minimization problem f T . f  for Cncw2 and CneWj was 
solved according to Eq. 19. Figure 15 shows historical and 
predicted U-values in the u , - u J  plane. Indicated by (x) are 
the u values of the actual grades 10-15 as they were simu- 
lated. (In a “real” example we would not know these latter 
values.) Different predictions u for each grade are denoted 
by (o), and connected by a dashed line to indicate solution 
curves. The U-values of the historical grades used in the model 
are shown as ( *  1. The loci of solutions for grades 11 to 15 are 
nearly linear, while for grade 10 the locus of solutions is 
parabolic. However, the strongly curved part of the solution 
locus for grade 10 is outside of the range of the historical 
u-data, and should not be considered for possible implemen- 
tation. 

As before, the corresponding process conditions for these 
li,,,-vectors were computed, implemented and the results 
compared to the results from the linear PCR-inversion. For 
this underdetermined case, we have several process condi- 
tions for each grade, all of which should yield the same val- 
ues of MWn and MWw, but in practice lead to slightly vary- 

Case 2: Y2 = /MWn MWw]. 

Table 7. Inner Relationships for the First 3 Principal 
Components (Case 2) 

Principal 
Component 

No. 
Quadratic 

Inner Relationship 
1 2,  -0.23+0.64.t, + O . l O . t f  
2 i?? = -0.11+0.52.t~ +0.04.t: 
3 2, = -0.01+0.43*t3 +0.04.f: 
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ing values (see. for example, Figure 8 for results from the 
linear PCR approach). The reason for this is mismatch be- 
tween the empirical model (here PCR or NPLS) and the fun- 
damental simulation model. Therefore, we compare for each 
grade the results that came closest to the desired MWn and 
MWw values in each model inversion. The Mahalanobis dis- 
tances between desired and achieved grades are calculated to 
find these "closest" grades for each method. The results in 
Table 8 reveal that NPLS performs much better than linear 
PCR for this Y-space. 

The results are also displayed in Figure 16. We can see 
that the grades obtained from NPLS inversion are indeed very 
close to the desired ones. These better results for NPLS when 
only MWn and MWw are considered in Y might have been 
expected from the previous case, where the nonlinear model 
clearly fit these properties better. 

Since there are many risks involved with the use of nonlin- 
ear models for this inversion problem, they should be used 
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Table 8. Mahalanobis Distances to Desired Grades Based 
on the Specified Y Variables (Case 2): 

(yles -yLh)-  [c0v(Y)1-'~(y,T,, -yL,Y 

Inversion Gr. 10 Gr. 11 Gr. 12 Gr. 13 Gr. 14 Gr. 15 
PCR 0.0082 0.0144 0.0169 0.0434 0.0133 0.0159 
NPLS 0.0004 0.0114 0.0002 0.0029 0.0004 0.0001 

with caution. Nonlinear models have more parameters than 
linear ones. This is a problem in this particular study, since 
one rarely has more than a small number (usually I 10) of 
historical grades on which to build the model. In this situa- 
tion nonlinear models can become very sensitive to an ex- 
treme condition. They can also rapidly exhaust all the de- 
grees of freedom in the data set and begin to fit random 
error. In these situations, although the nonlinear model may 
fit the data better, they might often yield poorer inverses. 
Therefore, we recommend that one first uses linear PLS or 
PCR models using only the historical grade data closest to 
the new y L s .  If the inner relationship between the scores of 
the dominant latent vectors in PLS appears reasonably lin- 
ear, and if the linear models explain nearly the same amount 
of the X and Y spaces as nonlinear PLS, then we recom- 
mend retaining the linear model. Further discussion is given 
in JaecMe (1998). 

Conclusions 
In this article, we have developed a methodology based on 

latent variable techniques that use historical process data to 
determine a window of process operating conditions within 
which a product with desired quality specifications can be 
produced. It is important not only to design process condi- 
tions that will achieve the specified qualities yles,  but also to 
ensure that these process conditions retain the same covari- 
ance structure as the historical data. This is the key point, 
which leads to preference of multivariate methods such as 
PLS and PCR over other methods. The advantage of these 
multivariate latent variable models arises from the fact that 

MWn 
10' 

Figure 15. u-values of different predictions for grades 
10-15, the actual u-values, and the u-values 
of the historical grades used for modeling. 

Figure 16. NPLS and PCR results for number and 
weight-average molecular weight when Y = 
[MWn MWw]. 
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unlike other methods they model the X-space (process condi- 
tions), as well as the Y-space (product quality). These tech- 
niques reduce the dimensionality of the variable space and, 
at the same time, lead to better conditioned model inverses 
which respect past operating strategies. 

Any approach based solely on empirical data entails cer- 
tain limitations: Not every set of process and quality variables 
is equally suitable for this purpose of product development. 
Analyzing the model can provide insight into how much in- 
formation exists in the data. If only about 50% of Y or less is 
explained due to the lack of information in X ,  of course, any 
predictions of process conditions from that model will not be 
very reliable. Such data do not contain the necessary infor- 
mation for a data-based approach to this problem. 

Since we are using empirical models which rely on data 
from past production, the new quality specifications should 
lie within the range of past ones, although in some cases slight 
extrapolations may be possible. For the same reason, it is not 
possible to predict process conditions which are completely 
different from any others used before. Even though there may 
exist other sets of conditions which achieve the desired qual- 
ity, this methodology cannot find these conditions if they are 
outside the range and correlation structure of the data and 
therefore the validity of the model. 

The approach discussed here does not necessarily lead to 
the desired quality in one step. Repeatedly following the se- 
quence of data analysis, running the suggested process condi- 
tions, adding the result to the data set, rebuilding the model 
and reinverting it should lead to the desired result in a few 
iterations. It is expected that some fine-tuning of the result- 
ing process conditions may require a few additional designed 
experiments. The process conditions obtained from the inver- 
sion should serve as a very good starting point for the experi- 
mental design. 
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Notation 
a = index for PLS dimension 
A = number of PCR or PLS dimensions that are used 
B = ( A  X k )  matrix of regression coefficients in PCR 

coo, cl,, c2 ,  = coefficients for quadratic inner relationship in NPLS 
dimension a 

j =  index for variables in X or Y 
k = number of columns (variables) in Y 

m = number of columns (variables) in X 
M r =  ( k  X m )  inversion matrix for a model 

n = number of rows (objects) in X, Y (number of grades) 
P = ( m  X A )  matrix of loading vectors for X 
Q = ( k  X A )  matrix of loading vectors for Y 

S,, S, = A-dimensional diagonal matrix containing standard 
deviations of columns in T 

SPE = squared prediction error 
t ,  t ,  = score vector for X in PCR or PLS, in PCR or PLS 

dimension a 
t T =  X-scores for one grade 

t̂ ,‘,w = prediction of X scores for new grade 
T =  ( n  X A )  matrix of X-score vectors 
ur= row vector containing normalized X-scores for one 

grade 

Ccew, Cnewo= prediction of normalized X-scores for new grade, ath 

UA,U,= ( n  x A )  matrix of A normalized X-score vectors 

element of G:ew 
U =  matrix of left singular vectors of X 

V= matrix of right singular vectors of X 
Va = ( m  X A )  matrix with A orthonormal columns; (first A 

.x7 = row in X = process conditions for one grade 

*= estimate for x 
y ‘= row in Y = quality values for one grade 
Y= estimate for Y 

columns of V )  

?f, = part of predicted process conditions resulting from in- 
version 

z ,  z ,  = score vector for Y in NPLS, ath element of z 
ir new, zncw<, 1 = prediction of Y-scores for new grade, ath element of 

?:ex, 
Z = (n X A )  matrix of Y-score vectors in NPLS 

Greek letters 
p= ( m  x k )  matrix of regression coefficients 
u= standard deviation 

a, = ath diagonal element in 2, 
Z = diagonal matrix resulting from SVD on X 

Z,4 = ( A  X A )  diagonal matrix 
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